This paper derives the exact outage probability and transmission capacity of ad hoc wireless networks with nodes employing multiple antenna diversity techniques. The analysis enables a direct comparison of the number of simultaneous transmissions achieving a certain data rate under different diversity techniques. Preliminary results derive the outage probability and transmission capacity for a general class of signal distributions which facilitates quantifying the gain for fading or non-fading environments. The transmission capacity is then given for uniformly random networks with path loss exponent ae > 2 in which nodes: (1) perform maximal ratio transmission/combining on M antennas with O(Ml ) gains; (2) various antenna selection combining schemes which give appreciable but rapidly diminishing gains; and (3) orthogonal space-time block coding, for which there is only a small gain due to channel hardening. It is concluded that in ad hoc networks, beamforming performs best, selection combining performs well for smaller numbers of antennas, and that space-time block coding offers only marginal gains.
I. INTRODUCTION
Prior work on ad hoc network capacity has focused on the limiting behavior as the network grows large [1] . For the purpose of ascertaining the effect that multiple antennas has on the capacity of the network, the more pertinent question is how the capacity scales with the number of antennas at each node. Naturally, this scaling will differ depending on how the antennas are utilized. The goal of this paper is to determine which multipleantenna techniques perform best in a given network density or similarly, which technique can support the densest network.
Over the past decade, many multi-antenna (MIMO) techniques have been proposed [2] , which can be grouped into three broad categories: diversity techniques which increase reliability by exploiting channel variations; beam-steering techniques which improve signal quality by focusing desired energy; and spatial multiplexing which increases data rate by sending independent symbols across the array. This paper focuses on the first two types of techniques, which handle only a single datastream and hence are easier to compare fairly. We also expect that these techniques are likely to be more relevant than spatial multiplexing in a dense, interference-limited ad hoc network, based on MIMO research in low-SNR links [3] . This paper develops a framework for comparing the utility of the diversity-providing and beamsteering techniques, with the goal of providing insight into how to use multiple antennas in ad hoc networks.
Contributions
For random wireless networks using MIMO diversity techniques in fading channels with path loss, this paper determines the transmission capacity and outage probability scaling with the number of antennas as a function of network parameters. The transmission capacity given outage constraint c is defined [4] A, = () ( (Mt Mr ) ), A, Q (maxf Mt, Mr I ) 2
3) Orthogonal Space-Time Block Coding: A, = Q(Mr ).
These relations demonstrate that beamforming yields the most network gains among diversity techniques while space-time block coding yields little, especially for more antennas than two, and can even be inferior to SISO systems. The results also highlight the advantages of achieving diversity at the receiver.
II. THE NETWORK MODEL AND ANALYTICAL METHODS
This section defines the network model and presents some results on Laplace functionals of Poisson shot noise processes. In order to focus on the physical layer, consider a wireless network operating a random access protocol without power control (i.e., all transmitters use the same power p). Let the distribution of transmitting nodes in the network be a stationary marked Poisson point process denoted by @ with intensity A in R2. To model propagation, let signals be attenuated by path loss Idlfor distance d with exponent a > 2 and small scale fading for either a Rayleigh or Nakagami-m fading distribution with unit mean. The typical receiver obtains desired signal power pSoR-°from its intended transmitter, labeled 0, for some fixed transmitter-receiver separation distance R, and with a fading power factor So. The Palm probabilities of a Poisson process state that conditioning on the event of a node lying at the origin does not affect the statistics of the rest of the process (see [5] , ch. 2). The interfering nodes constitute the marked process P = {(Xi, Si)}, with Xi denoting the location of the ith transmitting node, and with marks Si that denote fading factors on the power recieved from the ith node at the typical receiver. Thus interference power pSijXijis received from the ith interfering node.
Successful transmission occurs if the inequality pSOR->3
is satisfied for some target SINR 3 and aggregate co-channel interference pI4. The aggregate interference is a Poisson shot noise process I<> =ZX e<> SiIXiJwith IXiI denoting the distance of Xi from the origin. The network is assumed interference limited, so that thermal noise is negligible. Following [6], the 1-4244-1429-6/07/$25.00 ©2007 IEEE probability of successful transmission for a typical receiver is:
where the third step is reached by conditioning on s and FC '() denotes a CCDF. In the SISO case, Fs'0(s3R6) e-,OR so that P(SIR > 3) =L-ii (3R), the Laplace transform of I<>. The Laplace transform for a Poisson shot noise process in R2 with i.i.d. marks Si is given by [5] I. (() exp{ AJI E[ ]Sl}dx _(K 1)2 empirical data and the Ricean distribution for m (2K+) for K the Ricean factor [7] . That is, let So, Si Nak(m). This allows the application of Lemma 1 as follows:
Theorem 2: For random access single-antenna narrowband wireless networks in Nakagami-m fading for m E N, the optimal contention density with outage e is given by , a,_ Kc G,mE (4) Furthermore, for a small outage constraint E, the optimal contention density is given by the first order Taylor expansion of (4) around A3aR2 Cot = 0:
and Cc,(3Ra) 2 fR2 1 -E[e-0i1x1 0]dx.
Proof: The proof is presented in Appendix I. U This Lemma's two main technical contributions are (1) that it gives the exact probability of outage for any network density or target SIR but also (2) that it gives a solution for the optimal contention density in the low outage regime. The Lemma, also reinforces the linear dependence of the optimal contention density with the outage constraint for uniformly distributed networks. It shows that a large class of received signal and fading distributions is amenable to a transmission capacity analysis, including a number of MIMO techniques. Lastly, it breaksdown the derivation of the transmission capacity into: (1) determining Kc. which is dependent on the received signal distribution, and (2) determining Cc, which is a result of the interfering signal statistics.
III. LOS VERSUS NLOS ENVIRONMENTS
To characterize network capacity between the extremes of Rayleigh fading and non-fading or line-of-sight (LOS) channels, let signal envelopes be Nakagami-m distributed, m e N. This distribution includes as a special cases Rayleigh (m = 1), nonfading (m = oc), and provides a close parameterized fit for Proof: The proof is presented in Appendix II. X Theorem 2 bridges the gap between fading and non-fading environments and demonstrates the gain in network capacity relative to non-fading environments. It also shows that environments with lower path loss suffer more from severe fading and improve more with a strong LOS. The distinction is particularly important for dense networks communicating with nearby neighbors which are likely to have lower path loss and a significant LOS.
IV. EIGEN-BEAMFORMING NETWORKS
Now consider the same network but with each node equipped with Mt transmit and Mr receive antennas to perform dynamic eigen-beamforming at both transmitter and receiver ends. The Rayleigh fading MIMO channel is modeled as a matrix of i.i.d. zero-mean, unit variance, complex Gaussian entries scaled by the power law path loss function. The channel of the desired signal for the transmitter-receiver pair of interest is denoted R/HR .Hoo.
The transmitter and receiver beamform using the input and output singular vectors v0 and u0, respectively, corresponding to the maximum singular value omax of Hoo. Each interfering transmitter beamforms to maximize received power across some other Rayleigh channel /R aii using beamforming vector vi, and interferes at the receiver of interest through channel /HjXjj-c Ho0. Theorem 3 considers first the vector MIMO channel (1 x Mr or Mt x 1) and Theorem 4 covers the more general case of beamforming at both transmitter and receiver.
Theorem 3: For random access wireless networks in which nodes transmit on a single antenna and perform MRC with Mr antennas; the optimal contention density under Rayleigh fading Proof: To emphasize that the channels are vectors, let ho = Hoo and hi = Hoi For an Mr-antenna receiver beamforming to maximize its own received signal power, the SIR expression is:
Note that u0, Hoi, and vi are all independent. As discussed in [8] , the full product u&HHoivi is distributed as a single zeromean, unit-variance, complex Gaussian variable. This simplifies (16) SIR = 52 xR-/I4 with I4 unchanged from the SISO Rayleigh fading case and independent of ,.max Hence, Cc, Ca,i by equivalence of the shot noise processes.
As for the received signal, note that the CCDF of 2a (11) and (12) Setting So = IIho 12 the distribution of the received signal is now x2 with 2Mr degrees of freedom with CCDF FSO(x) e-x£ X 01 However, the interference has the same form as the shot noise process for the single-antenna case. Applying Lemma 1, we have that K,,7M is given by (8) and C, = C,,1 in (9) which gives the result. Using the bounds in (10) Theorems 3 and 4 give the scaling of the optimal contention density with the number of antennas, target SIR, path loss exponent, transmitter-receiver separation, and outage constraint. Fig. 1 gives the transmission capacity versus Mr for various a for the 1 x M, MRC case. When interference becomes less attenuated by distance,the gain of MIMO techniques over the SISO case increases. However, higher path loss can increase transmission capacity for smaller numbers of antennas since path loss spatially separates transmissions. Note also that the expression for F, is given for any number of antennas. The result is always a sum of terms of the form xken permitting application of Lemma 1.
V. SPACE-TIME BLOCK CODING NETWORKS
Orthogonal space-time block coding has been a quickly accepted transmit diversity technique for several reasons. First, OSTBCs achieve full diversity in point-to-point links without requiring CSI at the transmitter. Second, an optimum detector is simply a matched filter without any need for joint decoding of multiple symbols. OSTBCs are characterized by the number of transmit antennas used (Mt), the number of time slots used (Ne), and the number of independent data symbols sent. The familiar Alamouti code has each of these equal to 2. To determine the distribution of Si, consider the expression for the interference from a single interferer at the time of detection:
Ixjl-aZS(k) (21) k=l where ho = vec(HO) and h(k) is a permutation of the entries in vec(Hi) depending on the block coding structure. Since desired symbols are repeated N, times, each Si is a sum Nr terms s(k) each of which is exponentially distributed though not independent.
While this violates the independence of So and Si required by
Lemma 1, as in [12] we assume they are weakly independent and that the distribution of s(k) is nearly a Gamma distribution.
Since the Gamma distribution is the same encountered for Nakagami-m fading, Ca,,N, is given by (9) Theorem 6: For random access wireless networks in which nodes select the best pair among Mt transmit and Mr receive antennas in Rayleigh fading, the optimal contention density under outage constraint e is:
for most practical block codes since Mt = Nr, which is the best case. For the lower bound, we simply ignore the change in the constant Co,,N, substituting Cc,i which is greater than v. (That is, let K,,M increase but not Co,N,).
The primary insight here is that in an interference limited environment, OSTBCs accomplish little, since the number of receive antennas is the primary influence on network performance. While block codes reduce deep fades, they also amplify interference since transmit antennas become independent interference sources. Hence there is a small network performance gain equivalent to the Nakagami case. Furthermore, OSTBCs reduce the data rate for any code beside Alamouti's, and so far a larger number of antennas, OSTBCs are inferior to other schemes and are likely not worth even the slight added complexity.
VI. SELECTION DIVERSITY AND COMBINING NETWORKS
A fundamental characteristic of MIMO fading channels is that due to polarization, pattern diversity, or spatial separation, one or more antenna elements may receive above average signal strength. Simply selecting the best often has the practical advantage of simpler implementation or cheaper implementation. There are a variety of ways to perform antenna selection, and antenna selection can be used in conjunction with other diversity techniques. Let the Mr x Mt matrix channel be Hoo from which the best pair of receiving and transmitting antennas is selected for communication. Now 
25)
Proof: Substituting coefficients in (23) into Lemma 1 yields the result since selection does not change the interference. Fig. 2 compares the gain in transmission capacity for a number of systems versus the number of antennas, including MRT/MRC, OSTBCs, as well as two kinds of selection diversity/combining: (1) selection from a 1 x M configuration, and (2) joint selection from an M x M configuration. Antenna selection enhances network performance by improving the typical channel without amplifying interference.
VII. CONCLUSION
This paper determined the performance of random access ad hoc networks employing a number of spatial diversity techniques. Exact outage probabilities and optimal contention densities were derived for random wireless networks as well as optimal contention densities for a large class of signal distributions including those for nodes employing MRT/MRC, OSTBCs, selection diversity/combining, and static and Nakagami-m fading channels. The results show a significant improvement in transmission capacity for beamforming systems, a lesser but appreciable gain for selection combining systems, and marginal gains at best for space-time block coded systems. Left as future research are the enhancements achievable from spatial multiplexing, multiuser MIMO where Ca,mCi = = (k) B ( + k; mTi-+ k)). According to Lemma 1, the optimal contention density is: 2 2 2 mT-Cc,m3R2 (34) as where K ,m is given in 6. If mr is set to 1 with K6,1 = 1, and mi -4 oo, the MGF of the power fading mark on each interferer approaches e-( 1'1 . Hence, 
ch for fixed C6,OO determines the asymptotic orderwise inise of Kca,m: lim ÷,00 2 = cl for some constant cl.
Kc, mnc Kc, ce 2 is also increasing, the bounds 1 < 2 < cl hold. tation (34) includes (7) 
